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ABSTRACT

The aim of this thesis is to investigate the non-linear (2+1)-dimensional negative-order
modified Calogero-Bogoyavlenskii-Schiff (nmCBS) equation, derived from the truncated
Painlevé expansion, using the Lie group theoretic approach. We have thoroughly explored
the characteristics of non-linear partial differential equations (PDEs), their applications in
modeling complex physical systems, and the Lie group theoretic approach. For a deeper
understanding, foundational concepts from the prior work done on Lie symmetry method
have been revisited. In this study, we apply the Lie group theory to analyze the nmCBS
equation, which poses significant challenges for analytical solutions due to its non-linearity.
The Lie group theoretic approach is used to find the similarity reductions and analytic so-
lutions of the (2+1)-dimensional nmCBS system. The infinitesimal generators for the
considered system are obtained under the invariance property of the Lie group of trans-
formations. Later, we construct groups of symmetries and tables for commutation and
adjoints. The adjoint table is further used to establish a one-dimensional optimal system
of subalgebras. Finally, based on the optimal system, similarity reductions are obtained. A
repeated process of similarity reductions reduces the governing system of partial differen-
tial equations (PDEs) into systems of ordinary differential equations (ODEs) that generate
invariant solutions. Moreover, the dynamical behaviors of the obtained solutions such as
kink solution, constant solution, singular solution and multi-soliton waves are graphically
shown using 3D, 2D, and corresponding contour plots. These solutions capture dispersion,
non-linearity, and coupling effects, consistent with existing literature.

Keywords: (2+1)-dimensional nmCBS equation, Lie symmetry method, Optimal solu-

tion, Exact solution, Invariant solution, Kink, Soliton, Constant solution.



Chapter 1

INTRODUCTION

This chapter introduces the study of non-linear partial differential equations (PDEs) and
their analysis using the Lie symmetry method, focusing on the non-linear (2+1)-dimensional
negative-order modified Calogero-Bogoyavlenskii—Schiff (nmCBS) system derived from the
truncated Painlevé expansion. It covers fundamental concepts, the importance of non-
linear PDESs, the role of symmetry in their solution, and the Lie symmetry method. The
purpose is to provide a foundation for investigating the (2+1)-dimensional nmCBS system

of PDEs through Lie symmetry analysis, offering motivation and an overview of the topic.

1.1 Motivation and Overview

Non-linear partial differential equations are a vital link between mathematics and science,
playing a key role in fields like physics, engineering, and biology. Unlike linear PDEs,
non-linear PDEs exhibit complex behaviors such as solitons, shock waves, and blow-up
phenomena, making exact solutions difficult to obtain.

These equations model dynamic systems where quantities like velocity, pressure, or density
vary over space and time, as seen in fluid dynamics, non-linear optics, and wave propaga-
tion. While numerical methods are common, exact solutions, when possible, offer valuable

insights and serve as benchmarks for computational approaches. The nmCBS equation, a
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non-linear PDE, is of interest due to its relevance in modeling complex wave interactions
and dispersive phenomena. Solving such equations often requires reducing their complex-
ity, typically by exploiting symmetries.

The Lie symmetry method, which identifies transformations that preserve a PDE’s struc-
ture, is an effective approach. By finding similarity variables, this method reduces the
number of independent variables, transforming PDEs into simpler ordinary differential
equations (ODEs). This thesis applies Lie symmetry analysis to the (241)-dimensional
nmCBS system of PDEs to derive exact solutions, such as traveling waves, that capture

its non-linear and dispersive characteristics.

1.2 Role of Non-linear PDEs in Science

Non-linear PDEs are essential for describing complex physical phenomena. In physics,
the Korteweg-de Vries (KdV) equation models solitons in shallow water waves, while the
non-linear Schrédinger equation governs solitary waves in optics and quantum mechanics.
In fluid dynamics, the Burgers’ equation describes shock wave formation, relevant to traffic
flow and gas dynamics. Biology uses reaction-diffusion equations to model pattern forma-
tion, such as in embryonic development, while epidemiology employs PDEs to track disease
spread. In finance, non-linear extensions of the Black-Scholes equation address complex
derivatives. These examples highlight the versatility of non-linear PDEs in translating
physical laws into mathematical frameworks, despite their analytical challenges due to

phenomena like wave steepening and discontinuities.

1.3 The Concept of Symmetry in Mathematics

Symmetry is a central concept in mathematics with applications in geometry and alge-
bra. Geometrically, symmetry involves transformations—rotations, reflections, or transla-
tions—that preserve an object’s properties. Algebraically, symmetries form groups, satis-

fying closure, associativity, identity and invertibility.
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Sophus Lie extended this to continuous symmetries through Lie groups, smooth manifolds
with group structures (e.g., the rotation group SO(2)), and Lie algebras, which describe
infinitesimal transformations. For non-linear PDEs, Lie symmetry analysis identifies trans-
formations that leave the equation invariant, enabling dimensionality reduction and group
invariant solutions. By solving determining equations, we derive infinitesimal generators.
These, along with vector fields, help identify optimal subalgebras. Using invariant condi-
tions, these subalgebras transform the PDE into a solvable ODE.

Noether’s theorem links symmetries to conservation laws, such as energy or momentum
conservation, enhancing physical interpretations. This thesis builds on these concepts to

analyze the (2+1)-dimensional nmCBS system, aiming to derive exact solutions.

1.4 Some Basic Definitions

1.4.1 Lie Group

A Lie group is a fundamental tool in symmetry analysis, widely employed to derive optimal
subalgebras for solving problems in gas dynamics and wave propagation, particularly those

involving shock phenomena. It consists of a set of transformations defined as
i’i:fi(l‘j,&f), Z,j: 1,2,..., (1411)

where ¢ is a parameter. These transformations form a one-parameter Lie group if they
satisfy the axioms of closure, associativity, inverse, and identity with respect to a compo-
sition law ¢(a,b). Additionally, a Lie group is a smooth manifold, a geometric structure

that facilitates the study of continuous symmetries in differential equations.

1.4.2 Optimal Subalgebra

An optimal subalgebra refers to a systematically classified set of symmetry subalgebras
derived from a Lie group, enabling the reduction of a partial differential equation to simpler

forms while preserving its solution structure. This approach ensures that all non-equivalent
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solutions are captured through symmetry reductions. For example, consider the transport

equation

Uy + cuy = 0, (1.4.2.1)

where u(z,t) is a wave function and ¢ is the wave speed. To derive solutions using an

optimal subalgebra, introduce dimensionless variables

E=x—ct, n=t. (1.4.2.2)
Define
v ¢ Ov dvdn  Ov
Substituting into the transport equation yields
v v
— +c—= 1.4.24
o + c(95 0, ( )

which is invariant under the scaling transformations associated with the optimal subalge-

bra, demonstrating the equation’s reduced form.

1.4.3 Infinitesimal Transformation

An infinitesimal transformation represents a minute change in variables or parameters
under a Lie group, crucial for analyzing the behavior of differential equations through

symmetry methods. For example, consider a Lie group with transformations

€

T=ex, yY=e “y. (1.4.3.1)

The infinitesimal generators are derived as

oz oz
e it = 1.4.3.2
e =0 5 B x, (1.4.3.2)

treating x as constant. Similarly,
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oy .

9y

e=0
treating y as constant. Thus, the infinitesimal generators are

X(z,y) ==z, Y(z,y)=-v, (1.4.3.4)

which characterize the symmetry transformations of the system.
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Chapter 2

LITERATURE REVIEW

This literature review examines critical advancements in Lie symmetry methods for solving
non-linear partial differential equations (PDEs), highlighting their evolution from theoret-
ical foundations to computational applications.

The selected studies, spanning from the 19th century to recent decades, demonstrate the
progressive development of symmetry-based techniques for analyzing complex non-linear
PDEs. Each contribution is presented with its key innovation and relevance to the field,

emphasizing foundational and impactful works.

1. S. Lie (1870): In 1870, Lie introduced continuous transformation groups, funda-
mentally changing how differential equations are solved. His seminal work, as seen

!

in "Vorlesungen iiber Differentialgleichungen," used infinitesimal transformations to

reduce equations like g—z = f(y) to quadratures. Collaborating with Felix Klein,
Lie integrated geometric insights, establishing a systematic approach for deriving in-
variant solutions. This foundational contribution remains essential for applying Lie
symmetry analysis to non-linear PDEs, providing the basis for modern symmetry

methods [1].

2. E. Noether (1918): In 1918, Noether’s work revolutionized mathematical physics
by linking symmetries to conservation laws through Noether’s theorem. For a La-

grangian L(q,q,t) invariant under time translation, she derived the conservation of
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energy, e = q'(%—s — L). This theorem is pivotal for non-linear PDEs, connecting
symmetries to physical properties like energy or momentum conservation, and it

continues to guide the derivation of conservation laws in symmetry-based analyses
[2].

. E. Cartan (1930): In 1930, Cartan advanced Lie symmetry theory by introducing
the method of moving frames, which facilitated the study of differential invariants
on manifolds. His geometric approach simplified the classification of Lie algebras,
making it easier to apply symmetry reductions to complex non-linear PDEs. Car-
tan’s work provided a robust framework for analyzing PDE structures, enhancing the

geometric understanding of symmetries [3].

. P. Olver (1980): In 1980, Olver’s work on modernized Lie symmetry analysis by de-
veloping algorithms for computing symmetry generators, as detailed in "Applications
of Lie Groups to Differential Equations." His innovations made symmetry methods
accessible and practical for non-linear PDEs, streamlining the derivation of invari-
ant solutions. Olver’s algorithms are a cornerstone of modern symmetry analysis,

enabling efficient handling of complex equations [4].

. J.D. Logan and J.D.J. Perez (1980): In 1980, Logan and Perez applied group
theory to study wave interactions in reactive fluids, deriving invariant solutions for
non-linear PDEs. Their work elucidated wave dynamics in complex systems, offering
insights into non-linear wave propagation. This study is relevant for symmetry-based

approaches to PDEs governing physical phenomena like wave interactions [5].

. J.P. Vishwakarma and G. Nath (2007): In 2007, Vishwakarma and Nath in-
vestigated self-similar flows behind shock waves in non-ideal gases, using symmetry
transformations to reduce PDEs to ODEs. Their methodology advanced the under-
standing of nonlinear wave behavior in gas dynamics, providing a model for symmetry
reductions in nonlinear PDEs. This work is significant for its application to physical

systems [6].
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10.

11.

12.

. J.P. Vishwakarma, A.K. Maurya and K.K. Singh (2007): In 2007, Maurya

explored magnetogasdynamic shock waves in non-ideal gases, using symmetry meth-
ods to simplify coupled non-linear PDEs. Their solutions for systems with magnetic
fields offer insights into handling complex PDEs with external forces, relevant for

symmetry-based reductions [10].

G. Nath and J.P. Vishwakarma (2008): In 2008, Nath and Vishwakarma derived
solutions for shock waves in non-ideal gas mixtures using symmetry techniques. Their
approach enhanced the analysis of nonlinear wave dynamics in multiphase systems,

making it relevant for studying PDEs in diverse physical contexts [7].

. J.P. Vishwakarma and G. Nath (2012): Vishwakarma and Nath’s 2012 study

combined symmetry methods with numerical simulations to analyze shock waves in
dusty gases. This hybrid approach improved solution accuracy for complex nonlinear
PDEs, marking a significant advancement by integrating analytical and computa-
tional techniques. Their work is particularly impactful for its practical applicability

).

M. Chadha and J. Jena (2014): In 2014, Chadha and Jena studied gas-particle
mixtures, deriving self-similar solutions via symmetry methods to reduce PDEs to
ODEs for numerical solution. Their approach enhanced computational efficiency in

fluid mechanics, supporting the analysis of non-linear PDEs in multiphase flows [11].

G. Nath and J.P. Vishwakarma (2014): Also in 2014, Nath and Vishwakarma
investigated unsteady flows in non-ideal gases with magnetic fields, deriving similarity
solutions via Lie symmetries. Their work advanced the study of nonlinear PDEs

influenced by external forces, offering insights into magnetized systems [9].

A. Devi and G. Nath (2021): In 2021, Devi and Nath applied local Lie symmetry
analysis to simplify PDEs for non-Newtonian fluid flows, deriving invariant solutions
to reduce complexity. Their work advanced the analysis of non-linear PDEs in com-

plex fluid dynamics, demonstrating the versatility of symmetry methods [12].
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Chapter 3

LIE GROUP OF INVARIANCE
METHOD

Lie symmetry analysis is a robust mathematical approach for studying partial differential
equations (PDEs) by identifying transformations that preserve their form. These symme-
tries facilitate the simplification of PDEs, derivation of exact solutions, and identification

of conserved quantities.

3.1 Methodology

Here is a stepwise explanation of the Lie group of invariance method to obtain exact solu-

tions of the PDEs.

Stepl. Identify the PDE and its independent and dependent variables. For example,
consider the heat equation: u; = u,,, with independent variables ¢ (time), = (space), and
dependent variable u (temperature). The infinitesimal generator for a one-parameter Lie

group of transformations:

v = f(x,t,u)3 + 7'(96,25,u)2 + ¢z, t,u) 0

5 pr P (3.1.1)
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where &, 7 and ¢ are unknown functions that represent infinitesimal generator.

Step 2. Since PDEs involve derivatives, extend the generator to act on derivatives up
to the PDE’s order. For the second-order heat equation, prolong v to include transfor-
mations of u,,u;, and u,, . The prolongation formula, based on the chain rule, ensures

consistency with the PDE’s differential structure.

Step 3. Apply the invariance condition to ensure the PDE remains unchanged under

the prolonged generator:
v(”)(ut — Uge) =0 whenever u; — uy, =0, (3.1.2)

where v(™ is the n-th order prolonged generator. This generates a system of partial differ-

ential equations called determining equations for &, 7 and ¢ .

Step 4. Solve the determining equations to find explicit expressions for &, 7 and ¢, which
define the Lie algebra of symmetries.
For the heat equation, The Lie algebra of infinitesimal symmetries are spanned by the

following vector fields:

0 0 0 0
a—x7 Vo = &, V3 = Ia—x + 2t§ (313)

For complex PDEs, computational tools like Maple may be used to solve these equations

Vi =

efficiently.

Step 5. Form a commutative table to analyze the Lie algebra’s structure. For vector

fields v; and v;, compute the Lie bracket:
[Vi, Vj] = V;V; — V;V,. (314)

The table lists v;, v;, indicating whether the algebra is Abelian (brackets vanish) or non-
Abelian. For the heat equation, the table may show non-zero brackets for scaling symme-

tries, revealing the algebra’s complexity.
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Step 6. Compute the adjoint representation to understand symmetry interactions. The
adjoint action of v; on v; is:

Ad(v;,v;) = [vi, vje, (3.1.5)

where ¢ is the group parameter. The adjoint table lists these actions, aiding in classifying

the Lie algebra and identifying subalgebras for solution derivation.

Step 7. Use the generators to find invariant solutions by solving the characteristic equa-
tions:
dt  du

d
?‘x =T=7 (3.1.6)

For a generator like v = a%v the invariant solution is u = w(t). Substitute into the PDE

to reduce it to an ODE, e.g., (u; = 0) for the heat equation, yielding constant solution.

Step 8. Identify an optimal system of subalgebras using the commutative and adjoint
tables. This involves classifying one- and two-dimensional subalgebras to avoid redundant
solutions. For each subalgebra, compute invariant solutions, ensuring a minimal set of
distinct solutions. For the heat equation, this may yield solutions like u = e~ cos(x) from

scaling subalgebras.

Step 9. Solve the reduced ODEs from invariant solutions, subject to initial or bound-

ary conditions, to obtain exact solutions. For the heat equation, solutions like

U =cy + cot or u=e " cos(x) (3.1.7)

may emerge, corresponding to specific generators. These solutions are exact and reflect
the PDE’s invariance properties.
Step 10. For PDEs with more than two independent variables, the method applies itera-

tively (e.g., us = Uyy + Uy, in three variables (t,z,y)). Compute symmetries for subsets of
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variables, reduce the PDE step-by-step, and derive invariant solutions for each subalgebra.
The number of iterations depends on the number of independent variables, potentially

reducing the PDE to ODEs or simpler PDEs after each step.

3.2 Application of Lie Group of Invariance Method

In this subsection, we have solved a non-linear (2+1)-dimensional negative-order modi-
fied Calogero—Bogoyavlenskii—Schiff (nmCBS) system derived from the truncated Painlevé

expansion [13]

Uy + Uggt — AuPuy — du, / uugdxr = 0, (3.2.1)
or equivalently

Uy + Uggr — Auy — dugo = 0, (3.22)

uuy — v, = 0.

Related Work

Here, we have provided rich literature available for the (2 + 1)-dimensional nmCBS sys-
tem. Wazwaz [14] employed direct algebraic methods to derive soliton and traveling wave
solutions for the modified KdV-Calogero-Bogoyavlenskii—Schiff equation. Moatimid et al.
[15] used Lie symmetry and singular manifold methods to obtain exact analytical solu-
tions for the Calogero-Bogoyavlenskii-Schiff equation, applicable to the nmCBS due to its
structural similarity. Al-Amin et al. [16] applied the enhanced auxiliary equation method
to construct solitary wave solutions, including kink and rational solutions, for the nmCBS
equation. Roshid [17] utilized the Hirota bilinear method to derive multiple soliton so-
lutions for the nmCBS equation, analyzing their interaction dynamics. Cinar et al. [1§]
implemented the new Kudryashov method to obtain exact traveling wave solutions for
the nmCBS equation, relevant to fluid mechanics and plasma physics. Liu et al. [19] in-

vestigated the negative-order modified Calogero-Bogoyavlenskii—Schiff (nmCBS) equation,
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using residual symmetry analysis and the consistent Riccati expansion method to derive
multiple residual symmetries and soliton-cnoidal wave interaction solutions. In contrast,
the present work applies Lie symmetry analysis to derive group-invariant solutions and
an optimal system for the (2+1)-dimensional nmCBS system, a novel approach not fully

explored in the above-mentioned studies.

Lie symmetry analysis of (2 4+ 1)-dimensional nmCBS system

Here, we aim to elucidate the fundamental concepts for deriving infinitesimal symmetries
and the Lie algebra of the Eq. (3.2.2) through the Lie group theory. For (2-+1)-dimensional

nmCBS system, one-parameter (€) Lie group of transformations is defined as follows:

T =1+ e (z,y,t,u,v) + o(e?),
J=y+ &z, y,t,u,0) + o(e?),
t=t+e&(z,y,t,u,v) + o(e?), (3.2.3)
u=u+ en,(z,y,t,u,v) + o(e?),
v =0+ en,(x,y,t,u,v) + oe?).
Here, ¢ << 1 represents a small parameter. The infinitesimals associated with the variables
z,y,t,u, and v are denoted by the functions &;,&,, &, 7., 1y respectively, and are to be

determined. The Lie algebra for the system (3.2.2) is generated by a vector field expressed

in the following form:

0 0 0
\% :gx(xa y7t7 U,U))— + €y<x7y7t7u7 UJ)— + gt('xa Y, t,U,U))—
Ox oy ot (3.2.4)

0
+ nu(z,y, t, u, w)% + (2, y, t, u, w)

%.
The vector field (3.2.4) defines a symmetry for Eq. (3.2.2), requiring the generator V to

satisfy the invariance conditions:

Prov(A =0,
(A)]5,9 (3.2.5)

PrV(As)|y_o =0,
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where Ay = uuy — v, and Ay = uy, + gy — duu; — 4u,v = 0. Here, Pr() and Pr® denote

the first and third prolongations of V|, respectively, defined as follows:

0 0 0 0 0
PriOV =V +4n! Y+ Vb, 3.2.6
" s Ouy Uy i Ouy o v, Uy i vy ( )
0 0 0 0
P (3)V -V x y_ < t_ Y T y_— t_ 7
" Tl Ou, Uy T Ouy i 0, Uy i vy
+“a+ a+ 8+ a+ a+”—a
+ a+ a+“a+ a+ a+“i
0 0 0
TTT_ mcy zxt 7 a:yy :cyt
) , 0 0 0 0 )
+ + 5 + Yy 4 pyyt + ztt + Ztt_
8uxyt m 3umtt " 8uyyy " auyyt n 3uytt g 8uttt
0 0 0 0 0
TTT TTY xxt Tyy zyt _ ~ xtt
- e avxa:x * T avxa:y * T avxxt * T avxyy * T av:pyt * T 8/Uxtt
0 0 0 0
+ gyy_ + gyt_ + gtt + tit
K 3vyyy " 3vyyt T 8vytt (e a'l}ttt
The third prolongation is given by:
0
3 J
PrOvV=v4+ > 3y 5T (3.2.7)
ie{u,v} |J|<3 v
where u! = uy, u/ = vy, and |J| = j; + jo + j3 < 3. The coefficients n/ for i € {u,v} are
defined as [4]:

3 3
n =D, (m - ZM’,kfk) + )t gie, s
p h=1

With w,p = U, Uy = Uk, U1 = Uy, Up = Uy, U3 = Uy, V1 = Vg, Vg = Uy, V3 = V4, § = &,
& =&, & =&, and Dy = DI DI DP.

Applying Pr) and Pr® to the (2+1)-dimensional nmCBS system (3.2.2) and enforcing
the invariance conditions, we derive the invariant surface conditions (3.2.5) referred to as
the determining equations.

By substituting the coefficients 7/ into Eqgs. (3.2.6) and (3.2.7), and utilizing equation
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(3.2.2), we obtain an equation involving partial derivatives of &,,&,, &, 1, and n,. Equating
the coefficients of the resulting monomials to zero yields a system of partial differential
equations (PDEs). Solving this system determines the infinitesimal generators. These
calculations can be performed manually or using software such as MAPLE or MATHE-

MATICA. In this study, infinitesimals were computed using MAPLE 15, as follows:

SI = xc3 + f1<y)7

gy =y + Co,
ft = (Cl — 2Cg)t + Cy, (328)
Th, = —Uucs,

n= =)+ e = e

where f1(y) is the arbitrary functions of y, and f{(y) denotes the first derivative with
respect to y. If we take fi(y) = c5y + 6, then we can write Eq. (3.2.8) as:

§x = xe3 + csy + c,

§y = a1y + ¢,
& = (c1 — 2¢3)t + cu, (3.2.9)
Ty = —ucs,
1
Ny = —105 + (c5 —c1)v,

where ¢y, ¢, c3, ¢4, ¢5 and c¢g are the arbitrary constants. Corresponding to these infinitesi-

mal generators we get the following vector fields:

0 0 0
V =(csz + sy + CG)a_x + (c1y + CZ)a_y + ((e1 — 2e3)t + C4)§

1 .0

— (csu)% + ((c3 —c1)v — 4—105)%.

Now, corresponding to the different values of constants ¢; (i =1,2,3,4,5,6), we consider the

(3.2.10)

following different cases:
Case 1: ¢; = 1,c0 = c3 =c¢4 = ¢5 = ¢g = 0, we get vector field as:

V, = ya% 2,9 (3.2.11)



Case 2: co =1,¢c1 =c3=c4 = c5 = cg = 0, we get vector field as:

0

Vo= —.
2 oy

(3.2.12)

Case 3: c3 =1,¢c1 = ¢y = ¢4 = ¢c5 = cg = 0, we get vector field as:

0 0 0 0

Case 4: ¢y =1,¢1 = ¢y = c3 = c5 = cg = 0, we get vector field as:

0
Vy=—. 3.2.14
4= 5 ( )
Case 5: ¢5 =1,¢c1 =3 = c3 = ¢4 = cg = 0, we get vector field as:
0 1 0
Vs =y— — -v—. 3.2.15
5= Y9~ 1"0v ( )
Case 6: cg =1,c1 =y =3 =c4 = 5 =0, we get vector field as:
0
Vg =—. 3.2.16
6= 5. ( )

The set [v1, va, V3, v4, v5 and vg] is closed under Lie bracket. The commutation relations of

Lie algebra between vy, v, v3, vy, v5 and vg are shown in Table 3.1.

Table 3.1: Commutation Table of Lie Algebra

Vi, Vil || V4 V, \£ V, | Vs Vs
A\ 0 -V, 0 -V, | V; 0
V, V, 0 0 0 Vs 0
V3 0 0 0 2V, | =V5 | =Vj
A\ A\ 0 -2V, | 0 0 0
A3 —V;5 | Vg A3 0 0 0
Vs 0 0 Vs 0 0 0

In commutation Table 3.1, the (7, 7) — th entry represents the Lie bracket, defined as
Vi, V;] = V;V; — V;V;. The table is skew-symmetric, featuring zero diagonal elements, and

all V;, for i = 1,2,3,4,5,6, are linearly independent.
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3.3 Optimal System of Subalgebras

Following the framework in [20 — 26], an optimal system of one-parameter subgroups con-
sists of conjugacy-inequivalent subgroups such that any other subgroup is conjugate to
exactly one in the list. Similarly, an optimal system of one-parameter subalgebras is
formed if every one-parameter subalgebra is equivalent to a unique member of the list
under the adjoint representation. Thus, classifying one-dimensional subalgebras is equiva-
lent to classifying the orbits of the adjoint representation. In this study, we focus on the
symmetry algebra of Eq. (3.2.2), spanned by the vector fields Vi, V4, V3, V4, Vs and V.

Each one-dimensional subalgebra is defined by a nonzero vector of the form:
V = 01V1 + CQVQ + 03V3 + C4V4 + C5V5 + CGVG, (331)

where ¢; (i = 1,2, 3,4, 5,6) are arbitrary constants. We aim to simplify the coefficients ¢; as
much as possible by applying adjoint maps to V. To achieve this, we compute the adjoint
representation using the Lie series:

2

Ad(exp(eVi))V; = V; = elVi, Vi] + Vi Vi, Vi)l =+ (3.3.2)

The adjoint representation of the vector fields for the Eq. (3.2.2) is presented in the table

below.
Table 3.2: Adjoint Representation Table of Lie Algebra.

Ad(exp(e;V;)V; Vi V, Vs V. Vs Vs
Vi \%1 e1Vaq Vs e1Vy e 1Vj Ve
\Z Vi— 6V, V, Vs V4 Vs — €V Ve
V3 V, V, Vs e 23V, e Vy e Vg
A\ Vi —eVy V, Vs +26,Vy A\ Vs Ve
Vs Vi+6Vs | Vo—6Vg | Viz-65Vp A\ Vs Ve
Vs Vi V, V3 —¢6Ve \2 Vs Vs
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3.3.1 Adjoint Transformation Matrix

Once the invariants of the Lie algebra are determined, the next step is to construct the
general adjoint transformation matrix A. This matrix is formed by multiplying the indi-
vidual adjoint action matrices Ay, Ag, As, Ay, As and Ag corresponding to the adjoint
actions of V1, V3, V3, V4, V5 and Vg, respectively.

For convenience, an adjoint representation table is formulated, where the (i, j)-th entry
represents Ad(exp(eV;))V;, for i,j = 1,2,3,4,5,6. The adjoint action of V; on V; can
thus be obtained from Table 3.2.

V;

Let ¢;, for « = 1,2,3,4,5,6, be real constants, and define g = e*Vi. Using the adjoint

representation table (Table 3.2), we derive six adjoint matrices as follows:

10000 0 1 —& 000 0
0 e¢r 0 0 0 0 0 1 000 0
A |00 00 A, |00 Too0 0
00 0 e 0 0 0 0 010 0
00 00 1@ 0 0 00 1 —e
0000 0 1 0 0 000 1
100 0 0 0 100 —e 00
010 0 0 0 010 0 00
N CE R A |00 L 2 000
000 e2 0 0 000 1 00
000 0 e o 000 0 10
000 0 0 e 000 0 01
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1000 e 0 10000 0
0100 0 —e 01000 0
A5:oo10—e5o AG_EE;?SO
0001 0 0 —¢
0000 1 0 00001 0
0000 0 1 00000 1

Constructing an optimal system of subalgebras for a Lie algebra is a complex task. The
optimal system is obtained by solving a system of algebraic equations, with equivalent Lie
subalgebras identified through the adjoint action on the set of subalgebras. Our goal is
to simplify the general expression of V, given in Eq. (3.3.1), where ¢, ¢o, 3, 4, 5, ¢ are
arbitrary real constants, as previously noted. We represent V as a column vector with
entries ¢y, ¢, €3, ¢4, 5, cg. The general adjoint transformation matrix A is then obtained as

the product:

A(€1, €92,£3,&4,¢5, 86) = A6A5A4A3A2A1, (3311)
which is
1 —efleg 0 —ef17238¢, e tBe, —eSeges
0 ev 0 0 0 —ees
0 0 1 2e17238¢, —e Ut Be, B (€965 — €
A= ! 5 o (eats o) (3.3.1.2)
0 0 0 e3¢, 0 0
0 0 0 0 6_61+63€2 —66362
0 0 0 0 0 —ef3

3.3.2 Optimal Subalgebra

To construct a one-dimensional optimal system, consider V = Z?:l ¢ Viand M = Z?:l q; Vi

as elements of the Lie algebra Lg. Substituting V and M into the adjoint transformation

28



equation for system (3.2.2), given by:

(qla 42,43, 44, 45, qﬁ) = (Cla Co, C3,Cy, Cs, 66) ' A7 (3321)

yields the values of ¢;, for i = 1,2,3,4,5,6. The matrix A(eq,e9,€3,c4,€5,86) transforms

V as:

B(El, €9,E3,&4,¢5, 56) -V :clVl + 661(—6201 + CQ)Vz + 03V3
+ 723 (—creq + 20364 + ca)Va + e T3 (cre5 — cze5 + ¢5) Vs

—+ 663(—016265 — Cg€p5 + C3€9€5 — C3€g — Cr€2 + Cﬁ)Vﬁ.

(3.3.2.2)

By definition, V and A(eq,e9,€3,€4,65,66) -+ V generate equivalent one-dimensional Lie
subalgebras for any e, €9, €3, €4, €5, 6. This allows flexibility in choosing ¢; values to obtain
a simpler representative of the equivalence class of V. To classify the one-dimensional Lie
subalgebras of Eq. (3.2.2), four cases are considered based on the degree of the invariants.
Case 1: ¢y,c3 = [, where [ # 0 is an arbitrary real constant. Choosing a representative
element \71 =V, 4+ Ve +1Vs+c4Vy+c5Vs + Vg and substituting g1 =1, o = q4 =
g5 = g = 0, and g3 = [ into Eq. (3.3.2.2), we derive the solution:

€9 = Cg,
Cy
4= —7T— (775
1+20
s (3.3.2.3)
€5 = [ — )

—~ =

1 /(cocs)(l —2
86:7<—2 ;)_(1 )_CQC5+C6).

Thus, the adjoint map Ad(exp(e5V5)) eliminates the Vg, V4, Vi, Vi, coefficient from V,

which is equivalent to

\71 = V1 + 63V3. (3324)

Case 2: c¢j,c3 = 0, is an arbitrary real constant. Choosing a representative element

V,=V, +c3Vo+c4Va+c5Vs+c6Vg and substituting gy =1, o = @3 = q4 = q5 = ¢ = 0,
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into Eq. (3.3.2.2), we derive the solution:

€9 = Cg,
€4 = C4, (3.3.2.5)
€5 = —Cs.

Thus, the adjoint map Ad(exp(e2X5)) eliminates the Vg, V4, Vi coefficient from V', which
is equivalent to

Va =V + Ve (3.3.2.6)
Case 3: ¢; = 0,c3 = 1, is an arbitrary real constant. Choosing a representative element
Vi =6Vo+ Vit VatesVs+cs Ve and substituting s =1, g1 = g2 = qu = ¢5 = g6 = 0,
into Eq. (3.3.2.2), we derive the solution:

1
€4 = —564,
£5 = C, (3‘3.2.7)
g = —Cg.

Thus, the adjoint map Ad(exp(e,V5)) eliminates the Vi, V5, Vg coefficient from V', which
is equivalent to

Vs =, Va + V. (3.3.2.8)
Case 4: ¢; = 0,c3 = 0, is an arbitrary real constant. Choosing a representative element
\71 =c3Vy+ 4 Va4 + 5V + Vg and substituting ¢4 = ¢ = g3 = @4 = ¢5 = g = 0, into
Eq. (3.3.2.2). Thus, V is equivalent to

V4 = CQVg + C4V4 + C5V5 + CﬁVG. (3329)

To summarize, a one-dimensional optimal system of subalgebras of (2+1)-dimensional
negative-order modified Calogero-Bogoyavlenskii-Schiff (nmCBS) system is given by
<V1, VQ, \73, V4> s where

V1 = Vi +c3Vs, \72 = Vi1 + ¢V,

Vs = Vg + Vi, Vi=cVa+csVy+esVs + ¢ V.
(3.3.2.10)
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3.4 Symmetry Reductions and Invariant Solutions of

(2+1)-dimensional nmCBS System

In above section (3.3) we have constructed a one-dimensional optimal system of Lie sub-
algebras for Eq. (3.2.2). In this section, we use the optimal algebra (3.3.2.10) to derive
several Lie symmetry reductions and group invariant solutions for equation (3.2.2) in the

following manner:

Case 1: V; =V, + 3 V.

Take c¢3 = 1. The characteristic equations corresponding to this subalgebra are

de _dy_dt _du_dv

Pl (3.4.1)
Integrating Eq. (3.4.1) we obtain the similarity variables and the corresponding similarity
forms as follows:

X=zt,Y =yt,u=tUX,Y),v =V(X,Y). (3.4.2)
Here, the new independent variables X , Y are named as similarity variables, and the new
dependent variables are U and V are named as similarity function. So Eq. (3.2.2) in terms
of new variables is:

Uy +3UxX + XUxXY + YUxXY —4U3% — 4XU?Ux — 4YU?Uy — 4UxV =0,

U2+ XUx +YUy — Vx =0.

(3.4.3)
Again, utilizing the Lie symmetry method on Eq. (3.4.3), we get the following infinitesi-
mals:
=C }/, = 07
&x 1 3% (3.4.4)
nu =0, v = —3ci,

where ¢, is arbitrary constant. Take ¢; = 1. Using equation (3.4.3) and (3.4.4), the

characteristic equations are

Q,
e
Q
>,
Q,

R M 3.4.5
Y =0 =06 =T (3.4.5)

=9
<
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Integrating Eq. (3.4.5), we get:

P=Y,U=U{P),V=VP). (3.4.6)

On substituting equation (3.4.6) into (3.4.3), we obtained the reduced system of ODEs as

follow:

Up — 4U3 — 4PU2Up = 0,

~ ~ (3.4.7)
4PU2? + 4P?Up — v = 0.
The general solution of the system (3.4.7) is given as:
U= c1+4/c2—P V — 16P2US_4PU2 (3.4.8)

2P ) 4PU?2

It is the computed general solution of the system (3.4.7), however we obtained one partic-

ular solution by choose ¢; = 1. Now the invariant solution of the system (3.2.2) is given

1+ 14yt

U= ———

2y
3.4.9
Yy —t’r (L+VIT+yt)?ty(L+y+2yT+1y) —2(1+ V1 +ty) ( )
y y3(8 4 3ty + 8y/1 + ty) '
Case 2: V3 =, Vy + V.
Take c; = 1. The characteristic equations corresponding to this subalgebra are
dv _dy _ dt _ du _ dv (3.4.10)
T 1 -2t —u v
Integrating Eq. (3.4.10) we obtain the similarity variables as:
VX, Y
X =22, Y =2y +In(t),u = VIUX,Y),v = VX, Y) (3.4.11)

Vit

Here, the new independent variables X, Y are named as similarity variables, and the new

dependent variables are U and V are named as similarity functions. So Eq. (3.2.2) in
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terms of new variables are:
2Uy + 3Ux + 12XUxX 4 2UxY + 4X?*Ux XX +4XUxXY — 2U3
— 4XU?Ux — 4U%Uy — 8VXUxV =0, (3.4.12)
U? 4+ 2XUUy + 2UUy — 4VXVx = 0.

Again, utilizing the Lie symmetry method on Eq. (3.4.12), then we get the desired in-

finitesimals
= v/ XezY, = ¢,
&x = eV XerY, S . (3.4.13)
nu = 0, nv = _ECQGE.

where ¢; and ¢y are arbitrary constants. Take ¢; = 1,¢o = 0. Using Egs. (3.4.12) and

(3.4.13), the characteristic equations are

ax _dY _du _dv. (3.4.14)
o 1 0 0

Integrating Eq. (3.4.14) we get:
P=X,U=U(P),V=V(P). (3.4.15)
On substituting Eq. (3.4.15) into (3.4.12), we obtain the reduced system of ODEs as follow:

3Up + 12PUpP + 4P?UpPP — 2U3 — 4PU2Up — 8VPUpV = 0,

5 . ) (3.4.16)
U2 + 2PUUp — 4VPVp = 0.
The general solution of the system (3.4.16) is given as:
U=0, V=c. (3.4.17)
Now, the invariant solution of the system (3.2.2) is given by :
&1
u =0, v=—. 3.4.18
i ( )
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Case 3: Vg = CQV2 + C4V4 + C5V5 + C6V6

Take co = 1. The characteristic equations corresponding to this subalgebra are

dr _dy_di_du_dv

s R il Rl s (3.4.19)
Integrating Eq. (3.4.19) we obtain the similarity variables as:
2 VX, Y) -
X:g;—%—y,th—y,u:U(X,Y),vzM. (3.4.20)

V4
Here, the new independent variables X , Y are named as similarity variables, and the new
dependent variables U and V are named as similarity functions. So Eq. (3.2.2) in the

terms of new variables is:

Ux + Up + —UxXT +4U?Ur + UxV =0,
(3.4.21)

4UUr — Vx = 0.

Again, utilizing the Lie symmetry method on Eq. (3.4.21), we get the desired infinitesimals

as

= C s = T 5
x=a ér = Ai(T) (3.4.22)
nu = 0, v =—(V+1)f(T).
For simplicity take fi(T) = T, so the derivative of f; with respect to T is ff(T) = ¢y,
where ¢; and ¢y are arbitrary constants. Take ¢; = 0,¢co = 1. Using Egs. (3.4.21) and

(3.4.22), the characteristic equations are

dX dT dU  dV

Integrating Eq. (3.4.23) we get:
-~ V(P
P=X,U=UP),V= % _1 (3.4.24)

On substituting Eq. (3.4.24) into (3.4.21), we obtain the reduced system of ODEs as follow:

UpV Ve _, (3.4.25)




The general solution of the system (3.4.25) is given as:

U = ¢, V = cs.

Now, the invariant solution of the system (3.2.2) is given by :

62—1
4t —y)

u==c v = —y
1, 4
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Chapter 4

RESULTS AND DISCUSSION

Graphical representation is an effective method of physically analyzing the nature of math-
ematical expressions. It offers visual evidence that aids in understanding the dynamics of
the phenomena under consideration. This chapter focuses on the physical interpretation of
the solutions obtained for the (2+41)-dimensional nmCBS system (3.2.2). These solutions
are illustrated graphically using 3D, 2D and corresponding contour plots, presented in Figs.
1-10 through numerical simulations conducted with the software package "MAPLE." The
obtained solutions involve a variety of arbitrary constants and functions, allowing for the
depiction of diverse physical structures by choosing appropriate values. These solutions
encompass multi-soliton, doubly soliton, single soliton, solitary waves, stationary waves,
and the annihilation of various dynamical structures.

Solitons, also known as solitary waves, represent distinct wave structures consisting of soli-
tary wave packets characterized by elastic scattering properties, enabling them to retain
their shape even after interacting with each other. Solitons can be seen as the result of
balancing non-linear and dispersion effects. They have numerous practical applications in
fields such as plasma physics, optical lattices, stratified fluid flows, and biology.

Here, we have plotted the solutions obtained in Case-1 and Case-3 only. Figure 4.1 depicts
the graphical representation of solution u and v, given by Eq. (3.5.9). Figure 4.1(a) shows
kink soliton wave profile for u in opposite directions. Figures 4.1(b), 4.1(c) and 4.1(d)
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present the corresponding contour plot, 2D plots at ¢ = 2 and at y = 2, respectively. Fig-
ure 4.1(e) shows singular soliton wave profile for v given in Eq. (3.5.9). Figures 4.1(f) and
4.1(g) present the corresponding contour plot and 2D plot at = = 1. Figure 4.1(h) shows
singular soliton wave profile for v in Eq. (3.5.9). Figure 4.1(¢) presents the corresponding
contour plot in different ranges.

Figure 4.2 shows the graphical representation of the solution v and v, given by Eq. (3.4.27).
Figure 4.2(a) shows constant soliton wave profile for u. Figures 4.2(b) and 4.2(c) present
the corresponding contour plot and 2D plot at © = 1, respectively. Figure 4.2(d) shows
multi-soliton wave profile for v. Figures 4.2(e) and 4.2(f) present the corresponding con-
tour plot and 2D plot at ¢t = 0, respectively. Figure 4.2(g) shows soliton wave profile for v
in different ranges. Figures 4.2(h) and 4.2(i) present the corresponding contour plot and
2D plot at ¢t = 0 in different ranges. Here, the values of arbitrary constants are considered

as ¢y — 1 and ¢ — 1.
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Figure 4.1: Solution profiles for Eq. (3.4.9).
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Figure 4.2: Solution profiles for Eq. (3.4.27).
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Chapter 5

SUMMARY AND FUTURE WORK

Summary

This study applies the Lie symmetry method to investigate the non-linear (2-+1)-dimensional
nmCBS system, a hyperbolic partial differential equation central to understanding soliton-
like wave propagation in non-linear systems. The Lie symmetry approach involves identify-
ing invariance properties of the equation under continuous group transformations, enabling
the reduction of the PDE to simpler ordinary differential equations through symmetry-
based transformations.

This methodology facilitates the derivation of exact solutions that capture the dynami-
cal behavior of non-linear waves, such as solitons, under various physical conditions. By
leveraging these symmetries, the study elucidates the underlying structure of the nmCBS
equation, contributing to theoretical insights into wave phenomena with applications in
fluid dynamics, optical solitons, and plasma physics, where hyperbolic PDEs model com-

plex wave interactions.
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Future work

Future investigations into hyperbolic partial differential equations and symmetry based
methods can address several theoretical and practical gaps to enhance their applicability
to non-linear wave phenomena. Incorporating real-world physical effects, such as viscosity,
thermal variations, or external perturbations, could improve the modeling of wave dynam-
ics in complex systems like fluids or optical media, necessitating adaptations of symmetry
techniques to account for non-ideal conditions.

Extending analyses to multi-dimensional frameworks would enable a deeper understanding
of intricate wave interactions, such as scattering or collision processes, by leveraging ad-
vanced symmetry reductions. Experimental validation of theoretical solutions in physical
systems, such as wave propagation experiments, would strengthen the connection between
models and real-world observations.

Additionally, adopting robust computational tools for visualization could enhance the inter-
pretation of wave behaviors, addressing limitations in current graphical methods. Explor-
ing fractional derivatives in non-linear wave equations could capture memory-dependent
effects, requiring novel symmetry-based approaches to handle non-local dynamics, thus

broadening the scope of wave propagation studies.
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